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General Relativity - Part I



Geometry of Spacetime

(Einstein 1915)



(Einstein 1915)

• Gravitational attraction arises because spacetime is 
curved.

• The geometry of spacetime is determined by the matter 
distribution.

Geometry of Spacetime



• 
. 

Ueber 

die Hypothesen, welche der Geometrie zu Grunde liegen. 
V.n 

B. Riemann. 

An. dem X""hlaa dtAI Verfaslilrll mitgetheilt durcb R. 

Plan der 

Bekanntlich setzt die Geometrie sowohl den Begriff des Raumes , als 
die ersten Grundbegriffe für die Constructionen im Raume als etwas 
Gegebenes voraus. Sie gicht von ihnen nur Nominaldefinitionen, wäh-
rend die wesentlichen Bestimmungen in Form von Axiomen auftreten. 
Das Verhältniss dieser Voraussetzungen bleibt dabei im .Dunkeln ; man,. 
sieht weder ein, ob und in wie weit ihre Verbindung nothwendlg , noch 

• apriori, ob sie möglwh ist. 
Diese Dunkelheit wurde auch von Euklid bis auf Legendre, 

um den berühmtesten neueren Bearbeiter der Geometrie zu nennen , 
weder von den Mathematikern, noch VOll den Philosophen , welche sich 
damit beschäftigten , gehoben. Es hatte dies seinen Grund wobl darin. 
-dass der allgemeine DcgIi:1f mehrfach ausgedehnter Grössen. unter wel-
chem die Raumgrossen enthalten sind. ganz unbeazbeitet blieb. Ich 
habe mir daher zunächst die Aufgabe gestellt. den Begriff einer mehrfach 
ausgt'dehuten Grösse aus allgemeinen ' Grössenbegriffen zu construiren. 
Es wird daraus hervorgehen. dass eine mehrfach ausgedehnte Grösse Vef-

1) Diese Abhandlung ist am 10. Juni IBM von dem Verfasser bei dem zum 
Zweck seiner Habilitation veranstalteten Colloquium mit der FacuU.it . . 
zn Göttingen vorgelesen worden. Hieraus erklärt sich die Form der DarsteU1;UlS, 

welcher . die analytischen Untersuchungen nur angedeut;t werden konnten; in 
einelll." besOnderen Aufsatze gedenke ich demnächst auf ilieselben zurüekzukommen. 

Braumtl'.hweig, im Juli 1867. R. Dedel:;ind: 

• 

• 

http://gdz.sub.uni-goettingen.de/dms/load/img/?PPN=GDZPPN002019213&IDDOC=35634

(Riemann 1854)

ds2 =
�

ij

gijdx
idxj ≡ gijdx

idxj

Geometry of Spacetime

The geometry of space is 
encoded by the line element
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dy
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The geometry of space is 
encoded by the line element
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The geometry of space is 
encoded by the line element
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(Einstein 1916)
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ds2 = −dt2 + d�x2

Geometry of Spacetime

The geometry of spacetime is 
encoded by the line element
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ds2 = a21d�x
2t = t1 ds2 = a21d�x

2

Geometry of Spacetime

At           :        



t

At           :        t = t2 ds2 = a22d�x
2

Geometry of Spacetime



t

ds2 = −dt2 + a2(t)d�x2

Geometry of Spacetime



Currently all data is consistent with a flat universe

ds2 = −dt2 + a2(t)d�x2

More generally

K =






1

−1

0

closed

open

flat

Geometry of Spacetime

ds2 = −dt2 + a2(t)

�
d�x2 +K

(�x · d�x)2

1−K�x2

�



The geometry of our universe is thus encoded by 
the “scale factor”       .a(t)

Geometry of Spacetime



In a spatially flat universe, physical quantities are 
independent of its normalization:

redshifta(t)

a(t0)
=

1

1 + z

Geometry of Spacetime

The geometry of our universe is thus encoded by 
the “scale factor”       .a(t)

expansion or Hubble rateH(t) ≡ ȧ(t)

a(t)



The motion of “particles” is governed by the action

S = −m

�
dτ

�
−gµν ẋµẋν

This leads to the equations of motion

d2xµ

dτ
+ Γµ

νρ
dxν

dτ

dxρ

dτ
= 0

or in the flat FLRW universe

Particles in the FLRW Universe

ẍ0 + aȧδij ẋ
iẋj = 0 ,

ẍ
i + 2Hẋ

i
ẋ
0 = 0 .

(geodesic equation)

with Γµ
νρ =

1

2
gµσ

�
∂gσν
∂xρ

+
∂gσρ
∂xν

− ∂gνρ
∂xσ

�



d

dt

dx
i

dτ
+ 2H

dx
i

dτ
= 0

dxi

dτ
∝ 1

a(t)2

Using

so that

d

dτ
=

dx0

dτ

d

dt

the second equation becomes

Particles in the FLRW Universe



The momentum of a particle is as usual

p = m

�
gij

dxi

dτ

dxj

dτ
∝ 1

a(t)

pµ =
∂L

∂ẋµ
=

mgµν ẋν

�
−gρσẋρẋσ

or choosing the affine parameter such that 1 = −gρσẋ
ρẋσ

pµ = mgµν ẋ
ν

The magnitude of the 3-momentum of a particle then 
behaves as

Particles in the FLRW Universe



This remains true for massless particles.

The momentum of a particle emitted at time   with 
momentum   is redshifted to     

t
p

p0 = p
a(t)

a(t0)
=

p

1 + z
today.

ν0 = ν
a(t)

a(t0)
=

ν

1 + z

Since            , their frequencies then redshift asp = hν

Particles in the FLRW Universe



For          , this is         

The expanding universe

a(t) = a(t0) + ȧ(t0)(t− t0) + . . .

z = H0(t0 − t)

z = H0d

Turning to the expansion rate, note that for nearby 
events, we can expand the scale factor

z � 1

or

In an expanding universe, we should predominantly see 
galaxies with          .z > 0



V.M. Slipher

The expanding universe



1913

The expanding universe



The expanding universe
To measure more than the sign of the expansion rate requires 
distance measurements

• Parallax

• Luminosity distance

� =
L

4πd2 Euclidean space

� =
L

4πd2L

dL = a0r(1 + z)

FLRW universe

• Angular diameter distance s = θdA =
θa0r

1 + z



The expanding universe

To use them we need

Standard candles

• Certain variable stars

• Type Ia Supernovae

Standard rulers

• Baryon acoustic oscillations

Standard sirens

• Gravitational wave events with 
electromagnetic counterpart



H.S. Leavitt

The expanding universe



1908

The expanding universe



1912

The expanding universe



H. Shapley

The expanding universe



The expanding universe



E.P. Hubble

The expanding universe



The expanding universe



H0~500 km/s/Mpc

The expanding universe



Measuring the Hubble rate

HST Cepheid light curves



Supernovae as secondary distance indicators

Measuring the Hubble rate
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Identification through spectrum

Measuring the Hubble rate



Calibration from light curve

Measuring the Hubble rate



Measurement of H0

Measure the luminosity L of a type Ia 
supernova from 19 nearby supernovae 

Then measure H0 from

with          measured from ~300 supernovae

(Riess et al. 2016)

H0 =

�
4π

L
cz

√
F

cz
√
F

H0 = 73.24± 1.74
km

sMpc

Measuring the Hubble rate



In general relativity the dynamics of the metric is 
determined by Einstein’s field equations

Rµν − 1

2
gµνR− gµνΛ = 8πGTµν

with

Γρ
µν =

1

2
gρσ

�
∂gσµ
∂xν

+
∂gσν
∂xµ

− ∂gµν
∂xσ

�

and stress tensor Tµν

R = gµνRµνRµν =
∂Γρ

µν

∂xρ
−

∂Γρ
ρµ

∂xν
+ Γρ

µνΓ
σ
ρσ − Γρ

µσΓ
σ
νρ

Dynamics of the Metric



For the flat FLRW universe the stress tensor must be of 
the form

Dynamics of the Metric

T00 = ρ(t)

T0i = 0

Tij = a2δijp(t)

H
2 =

8πG

3
ρ

3H2 + 2Ḣ = −8πGp

(00)

(ij)

So that Einstein’s equations become



These imply a conservation equation

ρ̇+ 3H(ρ+ p) = 0

Dynamics of the Metric

With two equations for three unknown functions, we need 
an equation of state        to close the system. p(ρ)

H
2 =

8πG

3
ρ

and we typically use

ρ̇+ 3H(ρ+ p) = 0

(Friedmann equation)

(Continuity equation)



Equation of state for a gas of particles

Dynamics of the Metric

Tµν =
N�

a=1

ma√
− det g

�
dτaδ

4(x− xa(τa))
ẋµ
a ẋ

ν
a�

−gρσẋ
ρ
aẋσ

a

S = −
N�

a=1

ma

�
dτa

�
−gµν ẋ

µ
a ẋν

a

The action for a collection of particles is

this gives rise to the stress tensor



Dynamics of the Metric

or after integration over the affine parameters

Tµν =
N�

a=1

1√
− det g

δ3(xi − xi
a(t))

pµap
ν
a

p0a

p0a =
�
gijpi apj a +m2

a

with



Dynamics of the Metric

Tµν =

�
d3p√
− det g

n(xi, pj , t)
pµpν

p0

p0 =
�

gijpipj +m2

For a given species of particles ma = m

with

and phase space density

n(xi, pj , t) =
N�

a=1

δ3(xi − xi
a(t))δ

3(pj − pj a(t))



Dynamics of the Metric

The symmetries of FLRW imply

n(xi, pj , t) = n(p, t) with p =
�
δijpipj

Tµν =

�
d3p

a3
n(p, t)

pµpν�
(p/a)2 +m2

so that the stress tensor is given by

p(t) =
1

3a2

�
d3p

a3
n(p, t)

p2�
(p/a)2 +m2

ρ(t) =

�
d3p

a3
n(p, t)

�
(p/a)2 +m2

As expected             , andT 0i = 0



Dynamics of the Metric

Non-relativistic particles

ρ(t) =

�
d3p

a3
n(p, t)m+ . . .

p(t) =
1

3

�
d3p

a3
n(p, t)

(p/a)2

m
� ρ(t)

n(p, t) ≈ 0 unless p/a � m

Then

ρ = mn

p ≈ 0

or



Dynamics of the Metric

Relativistic particles

Integration dominated by

Then

or

p/a � m

ρ(t) =

�
d3p

a3
n(p, t)

p

a

p(t) =
1

3

�
d3p

a3
n(p, t)

p

a
=

1

3
ρ(t)

p(t) =
1

3
ρ(t)



Dynamics of the Metric

Vaccum energy

or

T00 = ρV

Tµν = −ρV gµν

Tij = −a2δijρV

pV = −ρV

so that



Typically, the equation of state is taken as

p = wρ

ρ(t) = ρ(t0)

�
a(t0)

a(t)

�3(1+w)

Dynamics of the Metric

The continuity equation then leads to

with

w = 0 for pressureless dust,

w = 1
3 for radiation,

w = −1 for vacuum energy.



H
2 =

8πG

3
(ρM + ρR + ρΛ)

ρM = ΩMρcrit,0
�a0
a

�3

ρR = ΩRρcrit,0
�a0
a

�4

ρΛ = ΩΛρcrit,0

p = 0

p =
1

3
ρ

p = −ρ

(         )

(            )

(            )

For a situation with more than one component

with

matter

radiation

cosmological
constant

Dynamics of the Metric



Dark Matter

Fritz Zwicky



Coma cluster

Dark Matter



Dark Matter



Dark Matter



Dark Matter

mar̈a = −∇aV (r1, . . . , rN )

Virial Theorem

�

a

mara · r̈a = −
�

a

ra ·∇aV (r1, . . . , rN )

V (λr1, . . . ,λrN ) = λnV (r1, . . . , rN )

Consider a system of particles

This implies

and for a homogeneous function of degree n

�

a

mara · r̈a = −nV (r1, . . . , rN )



Dark Matter

Writing

for gravitational interactions this gives

�

a

mara · r̈a =
1

2

d2

dt2

�

a

mar
2
a − 2T

2T + V = −1

2
M

d2

dt2
�r2�

In virial equilibrium

2T + V = 0



Dark Matter

For a virialized cluster of galaxies, we expect

�v2� = GM

�
1

r

�

where M is the total mass of all galaxies. 

�v2� � 80
km

s

For Coma, Zwicky estimated

yet the observed dispersion is

�v2� � 900
km

s



Dark Matter



Vera Rubin

Dark Matter

Rotation curves



Dark Matter

Vera Rubin measured the radial velocities of stars
(and HII regions) in edge-on spiral galaxies

According to Newton

v2(r) =
GM(r)

r

M(r) ≈ Mdisk

Beyond the disk we expect

v2(r) =
GMdisk

r

or



Dark Matter



M31

Dark Matter



M31

Dark Matter



Dark Matter



Dark Matter



25 kpc

Dark Matter



Jerry Ostriker Jim Peebles

Spirals in numerical simulations

Dark Matter



Dark Matter



Dark Matter

X-ray observations of clusters

The gas in a galaxy cluster between galaxies is expected 
to emit X-rays.

v2 =
GM

R
∼ (10−3c)2

So protons carry kinetic energies of a few keV and we 
expect X-ray photons to emitted in collisions.

LX(r) = Λ(Tb(r))ρ
2
b(r)



Dark Matter

In hydrostatic equilibrium we expect pressure and 
gravitational force to balance each other

dpb
dr

= −4πGρb(r)

r2

� r

0
dr�r�

2

ρm(r�)

We must specify some equation of state. For ideal gas

pb = ρbTb/mb

d

dr

r2

ρb(r)

d

dr

�
ρb(r)Tb(r)

mb

�
= −4πGr2ρm(r)

so that



Dark Matter

In principle both density and temperature are observable, 
but the cluster is often assumed to be isothermal

d

dr

r2

ρb(r)

dρb(r)

dr
= −4πGr2

σ2
b

ρm(r)

with
Tb(r)

mb
= σ2

b

Assuming further that dark and baryonic matter have the 
same profile

ρb(r)

ρb(0)
=

ρm(r)

ρm(0)
= F (r)



Dark Matter

d

dr

r2

F (r)

dF (r)

dr
= −9

r2

r2c
F (r)

rc =

�
9σ2

b

4πGρm(0)

we have

with core radius

Because                by definition and                by analyticity,
the core radius is the only parameter of the profile.

F (0) = 1 F �(0) = 0

A measurement of the core radius from the image and 
temperature from the spectrum then gives          , and the 
luminosity determines          . 

ρm(0)
ρb(0)



Einstein Observatory

Dark Matter



Dark Matter



Dark Matter



Chandra XMM Newton

Dark Matter



Dark Matter

The hot gas fraction is much less than unity



Measurements of the shape of the luminosity distance

Dark Energy

dL(z) = a0r(1 + z)

allow us to further constrain the composition of the 
universe.

r =

� t0

t

dt�

a(t�)
With

dt =
da

aH
= − dz

(1 + z)H

and

dL(z) = (1 + z)

� z

0

dz
�

H(z�)

we have



Together with the Friedmann equation

Dark Energy

dL(z) =
1 + z

H0

� z

0

dz
�

�
ΩΛ + ΩK(1 + z�)2 + Ωm(1 + z�)3 + Ωr(1 + z�)4

The Hubble parameter only enters as an overall factor, 
the shape depends on the composition of the universe



Supernova Cosmology Project

Dark Energy



August 1996

Dark Energy



High-z Supernova Search Team

Dark Energy



May 1998



High-z Supernova Search Team

Dark Energy



December 1998

Dark Energy



December 1998

Dark Energy



Joint lightcurve analysis (JLA)

Dark Energy



Joint lightcurve analysis (JLA)

Dark Energy


